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Preface 
Roughly 1.6 billion people, 40 percent of the world? popul- 
ation, live in urban areas today. At the beginning of the last 
century, the urban population of the world totaled only 25 mil- 
lion. According to recent United Nations estimates, about 3.1 
billion people, twice today's urban population, will be living 
in urban areas by the year 2000. 
Rapid rates of urban demographic and economic growth in- 
crease the difficulties of providing a population with adequate 
supplies of food, energy,employment, social services and infra- 
structure. The investment needed just to maintain present 
standards in many ~apidly urbanizing countries calls for a doubl- 
ing or tripling of institutional plant within the next 25 years. 
Scholars and policy-makers often disagree when it comes to 
evaluating the desirability of current rapid rates of urban 
growth in many parts of the globe. Some see this trend as 
fostering national processes of socioeconomic development, partic- 
ularly in the poorer and rapidly urbanizing countries of the 
Third World; whereas others believe the conseauences to be largely 
undesirable and argue that such urban growth should be slowed 
down. 
Professor Nathan Keyfitz of Harvard University spent the 
month of May this year collaborating with HSS scholars in their 
research on migration, urbanization and development. During his 
stay, he formulated a model of the urbanization process that 
stimulated a number of us. In particular, Jacques Ledent re- 
sponded by writing a series of three papers dealing with exten- 
sions of the Keyfitz model. This paper, the third of the series, 
focuses on the dynamics of urbanization under varying regimes 
of natural increase and migration. 
A list of related papers in the Population, Resources and 








This paper is the third and last of a series seeking 
to shed some light on the question of whether a nation's 
urban population grows mostly by rural-urban migration or 
by natural increase. Again, the discussion evolves 
around an analytical study of the Keyfitz model of urban- 
ization (Keyfitz , 1978) and the Rogers components-of- 
change model (Rogers, 1968) applied to a rural-urban 
system. Here, in contrast to the preceding papers in 
which rates of natural increase and migration were con- 
stant, the present paper allows these rates to vary. 
A larger part of the analysis is based on the Key- 
fitz model, shown earlier to be less meaningful than the 
alternative model but lending itself to an easier tracta- 
bility when rates are allowed to vary. In particular, 
the Keyfitz model is used in an attempt to connect the 
variations of rural-urban (net) migration rates to eco- 
nomic changes through a simple scheme of wage differen- 
tials, later supplemented by the Todaro hypothesis. 
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The F o r c e s  o f  U r b a n i z a t i o n  
Under Vary ing  N a t u r a l  I n c r e a s e  and  M i g r a t i o n  R a t e s  
INTRODUCTION 
I n  a  r e c e n t  p a p e r ,  i n t e n d e d  t o  examine whe the r  c i t i e s  grow 
m o s t l y  by i n m i g r a t i o n  o r  n a t u r a l  i n c r e a s e ,  K e y f i t z  (1978)  p ro -  
posed a  two- reg ion  c o n t i n u o u s  model o f  p o p u l a t i o n  growth and  
d i s t r i b u t i o n  i n  which m i g r a t i o n  between t h e  r u r a l  and u rban  re- 
g i o n s  was viewed a s  a  n e t  f l ow o u t  o f  t h e  r u r a l  r e g i o n .  
T h i s  model was c r i t i c i z e d  by Ledent  ( 1 9 7 8 a ) ,  who p o i n t e d  
o u t  t h e  e x i s t e n c e  o f  an  asymmetry between t h e  two r e g i o n s  capa-  
b l e ,  i n  some c i r c u m s t a n c e s ,  o f  l e a d i n g  t o  some u n d e s i r a b l e  long-  
t e r m  e v o l u t i o n .  A s  a n  a l t e r n a t i v e ,  he  s u g g e s t e d  t h e  use  of a  
c o n t i n u o u s  v e r s i o n  of  t h e  Rogers  m u l t i r e g i o n a l  componeilts-of- 
change model (Rogers  1 9 6 8 ) ,  a  model whose dynamics h e  showed t o  
be more s u i t a b l e  f o r  s t u d y i n g  t h e  s o u r c e s  o f  u r b a n  growth .  
Leden t  implemented h i s  sugges t io r i  i n  a  f u r t h e r  p a p e r  
(Leden t  1 9 7 8 b ) ,  i n  which h e  examined the evolution of u r b a n i z a -  
t i o n  i n  an  i n i t i a l l y  e n t i r e l y  r u r a l  p o p u i a t i o n  sys t em.  He 
conduc ted  h i s  a n a l y s i s  i n  a  manner c l o s e l y  f o l l o w i n g  K e y f i t z ' s  
o r i g i n a l  a n a l y s i s ,  t h u s  a l l o w i n g  a  s i m p l e  and  i m n e d i a t e  compar- 
i s o n  o f  t h e  r e s u l t s  y i e l d e d  by b o t h  models .  
With r e g a r d  t o  t h e i r  a b i l i t y  t o  shed  some l i g h t  on t h e  
s o u r c e s  o f  u r b a n i z a t i o n ,  t h e  two a l t e r n a t i v e  a n a l y s e s  p r e -  
s e n t e d  a  common drawback stemming from t h e i r  r e l i a n c e  on con- 
s t a n t  r a t e s  of  n a t u r a l  i n c r e a s e  and m i g r a t i o n .  Thus ,  f o l l o w i n g  
Rogers ,  who a r g u e s  t h a t  " . . . o n e  o f  t h e  fundamen ta l  a s p e c t s  
o f  t h e  ' m o b i l i t y  r e v o l u t i o n '  e x p e r i e n c e d  by  n a t i o n s  undergoing  
t h e  s t r u c t u r a l  t r a n s f o r m a t i o n  from z g r a r i a n  t o  i n d u s t r i a l  s o c i -  
e t i e s  i s  an i n c r e a s i n g  r a t e  cf migration'"(Kogers, 1978,  p .  I ) ,  
w e  reexamine  h e r e  b o t h  mode l s ,  i.-. which w e  a l l o w  m i g r a t i o n  ( a s  
w e l l  a s  n a t u r a l  i n c r e a s e )  r a t e s  t o  v a r y  o v e r  t i m e .  An a t t e m p t  
i s  eve12 made t o  connec t  t h e  v a r i a t i o n s  o f  m i g r a t i o n  r a t e s  t o  
economic changes  th rough  a  s i m p l e  scheme o f  wage d i f f e r e n t i a l s ,  
l a t e r  supplemented by t h e  Todaro h y p o t h e s i s .  
H o w e v e r ,  t h e  i n c l u s i o n  o f  v a r y i n g  r a t e s  i n c r e a s e s  t h e  com- 
p l e x i t y  o f  t:he a l t e r n a t i v e  models .  T h e i r  a n a l y t i c a l  t r a c t a b i l -  
ity r e q u i r e s  t h e  assumpt ion  o f  an i d e n t i c a l  r a t e  o f  n a t u r a l  i n -  
c r e a s e  i n  b o t h  t h e  r u r a l  and urban r e g i o n s .  
The f l r s t  p a r t  o f  t h e  paper  d e a l s  w i t h  t h e  K e y f i t z  model, 
examined under  v a r i o u s  e v o l u t i v e  p a t t e r n s  o f  n a t u r a l  i n c r e a s e  
and r u r a l - u r b a n  m i g r a t i o n .  The second p a r t  f o c u s e s  on t h e  two- 
r e g i o n  Rogers rncidel whose a n a l y s i s  i s ,  however, less developed 
due  t o  a d d i t i o n a l  c o n s i d e r a t i o n s  which s e r i o u s l y  hamper t h e  
mathernaticcii  t r a c t a b i l i t y  of  t h e  model i n  t h e  c a s e  o f  v a r y i n g  
r a t e s .  
I. ANALYSIS BASED ON THE KEYFITZ YODEL 
Let us consider a population system divided into two re- 
gions - urban and rural - which exhibit the same positive rate 
of natural increase, r(t). In addition, suppose that internal 
migration can be viewed as a net migration flow from rural to 
urban defined as a positive fraction m(t) of the rural popula- 
tion. 
The evolution of this system is entirely described by 
where 
PT (t) is the total population at time t , 
Pr(t) is the rural population at time t . 
Once PT(t) and Pr(t) have been obtained by integrating (1) 
and (2) respectively, the urban population P (t) is simply 
u 
given by: 
Suppose now that the initial population is entirely rural. 
Then the integration of ( 1 )  leads to: 
and the inteqration of (2) to: 
I t  t h u s  f o l l o w s  f rom ( 3 )  t h a t  
s o  t h a t  t h e  r a t i o  o f  u rban  t o  r u r a l  p o p u l a t i o n  i s  
l t  m ( u ) d u  
S ( t )  = e 0 - 1  . 
Note t h a t  t h e  f i r s t  d e r i v a t i v e  o f  S ( t )  
i s  a l w a l ~ s  p o s i t i v e  ( s i n c e  we assumed m ( t )  t o  b e  p o s i t i v e )  . Con- 
s e q u e n t l y ,  wha teve r  t h e  s p e c i f i c a t i o n  o f  t h e  m i g r a t i o n  f u n c t i o n  
m ( t ) ,  S ( t )  a p p e a r s  t o  b e  a n  i n c r e a s i n g  f u n c t i o n  o f  t ime .*  
N o w ,  l e t  u s  d e f i n e  t h e  r a t i o  R ( t )  of  u r b a n  n e t  m i g r a t i o n  
t o  n a t u r a l  i n c r e a s e :  
* D i f f e r e n t i a t i n g  ( 8 )  , we o b t a i n  
a  y e l a t i o n s h i p  which shows t h a t ,  i f  m ( t )  is  a n  i n c r e a s i n g  
f u n c t i o n ,  t h e  c u r v a t u r e  o f  S ( t )  is d i r e c t e d  upward. 
which can be r e w r i t t e n  a s  
The v a r i a t i o n s  o f  t h i s  r a t i o  depend on t h e  s i g n  of  
Indeed,  t h e  v a r i a t i o n s  of  R ( t )  which depend on t h e  v a l u e s  of  
r ( t )  and m ( t )  a r e  n o t  n e c e s s a r i l y  monotonic. However, f o r  a 
l a r g e  cho i ce  of t h e  f u n c t i o n s  r ( t )  and m ( t ) ,  R ( t )  can d e c r e a s e  
monotonica l ly .  L e t  u s  suppose f i r s t  t h a t  
C l e a r l y ,  w e  have from ( 1 1 ) , 
The r igh t -hand  s i d e  o f  t h i s  i n e q u a l i t y  h a s  t h e  s i g n  of  
D i f f e r e n t i a t i n g  y ( t )  w i t h  r e s p e c t  t o  t i m e ,  we o b t a i n  
Consequen t ly ,  i f  t h e  m i g r a t i o n  f u n c t i o n  m ( t )  i s  such  t h a t  
d m ( t )  , 
I and d L m ( t )  < d t  d t  I 
g y i 3  d e c r e a s e s  m o n o t o n i c a l l y .  S i n c e  d t  dyO = 0 ,  it f o l l o w s  t h a t  d t  
( t )  i s  al-ways n e g a t i v e ,  i. e .  , y  ( t )  d e c r e a s e s  m o n o t o n i c a l l y .  d t  
F i n a l l y ,  s i n c e  y ( 0 )  i s  n e g a t i v e ,  y ( t )  o n l y  t a k e s  n e g a t i v e  v a l u e s  
and  - d R ( t )  i s  a lways  n e g a t i v e .  To summarize,  i f  t h e  n a t u r a l  d  t 
i n c r e a s e  r a t e  r ( t )  and  t h e  m i g r a t i o n  f u n c t i o n  m ( t )  a r e  such  t h a t  
( 1  2 )  and  ( 1  6 )  r e s p e c t i v e l y  h o l d ,  R ( t)  m o n o t o n i c a l l y  d e c r e a s e s ,  
which i n d i c a t e s  t h e  l a r g e r  impor t ance  t a k e n  by n a t u r a l  i n c r e a s e  
v i s - a - v i s  m i g r a t i o n  a s  t h e  u r b a n  r e g i o n  grows.  
I n  what  f o l l o w s ,  w e  a t t e m p t  t o  s t u d y  t h e  e v o l u t i o n  o f  t h e  
above sys t em a c c o r d i n g  t o  v a r i o u s  schemes o f  v a r i a t i o n s  f o r  
r ( t )  and m ( t ) .  Of major  i n t e r e s t  a r e  t h e  v a r i a t i o n s  o f  R ( t )  , 
which  p e r m i t  o n e  t o  d e t e r m i n e  t h e  t i m e  a t  which n a t u r a l  i n c r e a s e  
s t a r t s  e x c e e d i n g  i n m i g r a t i o n  i n  a c c o u n t i n g  f o r  u r b a n  growth .  
C a s e  o f  C o n s t a n t  R a t e s  
W e  c a n  assume t h a t  r ( t )  and  m ( t )  remain  c o n s t a n t  and e q u a l  
t o  r and m r e s p e c t i v e l y :  t h i s  i s  t h e  h y p o t h e s i s  made by  K e y f i t z  
(1978)  . 
Under t h e s e  c o n d i t i o n s ,  t h e  i n t e g r a t i o n  o f  ( 1 )  and ( 2 )  
l e a d s  t o :  
f o r  t h e  n a t i o n a l  p o p u l a t i o n  a t  t i m e  t ,  a n d  
( r - m )  t p (t) = P ( O ) ~  
r I 
f o r  t h e  r u r a l .  Then, t h e  u rban  p o p u l a t i o n  i s  
and  t h e  r a t i o  o f  u rban  t o  r u r a l  p o p u l a t i o n  i s  
which shows t h a t  S ( t )  m o n o t o n i c a l l y  i n c r e a s e s  f rom z e r o  ( f o r  
* 
t = 0) t o  + w ( a s  t + +  a ) .  
S u b s t i t u t i n g  ( 2 0 )  i n  ( 1 0 )  y i e l d s  
s o  t h a t  R ( t )  m o n o t o n i c a l l y  d e c r e a s e s  f rom + a) ( f o r  t = 0)  t o  
z e r o  ( f o r  t + + a ) .  The r o l e  o f  m i g r a t i o n ,  i n i t i a l l y  p reponde r -  
a n t  i n  a c c o u n t i n g  f o r  t h e  growth  o f  t h e  u r b a n  r e g i o n ,  d i m i n i s h e s  
a s  t i m e  p a s s e s  by s o  t h a t  n a t u r a l  i n c r e a s e  i s  e v e n t u a l l y  t h e  
u n i q u e  s o u r c e  o f  u r b a n  growth .  
K e y f i t z  (1978)  r e f e r s  t o  t h e  p o i n t  i n  t i m e  T ,  a t  which 
p o i n t  n a t u r a l  i n c r e a s e  i s  e q u a l  t o  m i g r a t i o n ,  a s  t h e  c r o s s - o v e r  
p o i n t .  By d e f i n i t i o n ,  
and  t h u s  w e  have  from ( 10)  
*Note t h a t  t h e  two p o p u l a t i o n s  a r e  monotonic .  However, i f  
P ( t )  i n c r e a s e s  and  becomes i n f i n i t e l y  p o s i t i v e ,  P r ( t )  p r e s e n t s  
u  
s i m i l a r  v a r i a t i o n s  o n l y  i f  r > m;  it d e c r e a s e s ,  t e n d i n g  toward  
z e r o ,  i f  r < m. 
An e x p r e s s i o n  of  T i s  t h e n  o b t a i n e d  by s u b s t i t u t i n g  ( 2 0 )  i n  
( 2 3 )  : 
K e y f i t z  o b s e r v e s  t h e r e f o r e  t h a t :  
The more r a p i d l y  t h e  p o p u l a t i o n  a s  a  whole i n c r e a s e s  
t h e  s o o n e r  t h e  c r o s s - o v e r ,  and  more s u r p r i s i n g l y ,  t h e  
l a r g e r  t h e  v a l u e  o f  m ,  t h e  f r a c t i o n  o f  t h e  c o u n t r y  s i d e  
m i g r a t i n g ,  t h e  s o o n e r  comes t h e  day  when n a t u r a l  i n -  
c r e a s e  e x c e e d s  m i g r a t i o n  a s  a  f a c t o r  ( K e y f i t z ,  1 9 7 8 ,  p .  5 ) .  
The problem j u s t  examined i s  v i s u a l i z e d  i n  F i g u r e  1 ,  whose 
m 
schema ( i )  d i s p l a y s  t h e  s t r a i g h t  l i n e  w i t h  o r d i n a t e  a n d ,  by 
c o n t r a s t ,  t h e  c u r v e  d e s c r i b i n g  t h e  v a r i a t i o n s  o f  S ( t ) .  
A p a r t i c u l a r l y  i n t e r e s t i n g  o b s e r v a t i o n  i s  g e n e r a t e d  by a  
s c e n a r i o  i n v o l v i n g  t h e  t r a j e c t o r y  o f  t h e  c o u n t r y  t h a t  s t a r t s  
w i t h  an  e n t i r e l y  r u r a l  p o p u l a t i o n  o f  1  m i l l i o n ,  and i s  exposed 
t o  a n  unchanging  r a t e  o f  n a t u r a l  i n c r e a s e  o f  r = 0.03  a n d  a  
f i x e d  f r a c t i o n  o f  m i g r a t i n g  o f  m = 0 . 0 2 .  I n  t h i s  s c e n a r i o ,  t h e  
r o l e  of n a t u r a l  i n c r e a s e .  i n  a c c o u n t i n u  f o r  u r b a n  g rowth ,  i-n- 
c r e a s e s  r a p i d l y  and e x c e e d s  t h a t  o f  m i g r a t i o n  a f t e r  
T = -  i n  1 . 6 6  = 25.5 y e a r s  . 
0 .02  
A t  t h i s  p o i n t ,  t h e  r a t i o  o f  u r b a n  t o  r u r a l  p o p u l a t i o n  i s  
s o  t h a t  t h e  p a r t  o f  t h e  p o p u l a t i o n  which i s  urban  is e x a c t l y  
4 0  p e r c e n t .  ( T a b l e  1 ) . 
(iii) r ( t )  = r. 
m ( t )  = m (1 - e-at) ( 8  > 0 ) -  
0  
( v )  r ( t )  = r.  
m ( t )  given by (68) (g  > a ) .  
( v i )  r ( t )  = r.  
m ( t )  given by (68) (g  < a ) .  
F i g u r e  1 .  The K e y f i t z  model: v a r i a t i o n s  of m* and S ( t )  
r ( t )  
c o n t r a s t e d  a c c o r d i n g  t o  v a r i o u s  n a t u r a l  i n c r e a s e  and 
m i g r a t i o n  p a t t e r n s .  
T a b l e  1 .  U r b a n i z a t i o n  o f  a n  i n i t i a l l y  r u r a l  p o p u l a t i o n  o f  
1 m i l l i o n ,  w i t h  r = 0.03 and m = 0.02.  
Year T o t a l  R u r a l  U r b a n  P e r c e n t a g e  
U r b a n  
Suppose now t h a t  w e  o b s e r v e  an a c t u a l  p o p u l a t i o n  sys tem 
s u b m i t t e d  t o  r a t e s  o f  n a t u r a l  i n c r e a s e  and m i g r a t i o n  e q u a l  t o  r 
and m r e s p e c t i v e l y ,  and p r e s e n t i n g  a  r a t i o  o f  urban t o  r u r a l  
p o p u l a t i o n  e q u a l  t o  s.  From a  r e s u l t  e s t a b l i s h e d  by Ledent  
( 1 9 7 8 a ) * ,  it a p p e a r s  t h a t  t h i s  obse rved  p o p u l a t i o n  sys tem i s  
* H e  d e m o n s t r a t e s  t h a t ,  when t h e  r a t e s  o f  n a t u r a l  i n c r e a s e  i n  t h e  
r u r a l  and urban a r e a s  a r e  d i f f e r e n t  ( r  and u  r e s p e c t i v e l y ) ,  a  
n e c e s s a r y  c o n d i t i o n  f o r  t h e  obse rved  p o p u l a t i o n  sys tem t o  c o r -  
respond t o  t h e  s u b s e q u e n t  s t a t e  o f  a  h y p o t h e t i c a l  - p o p u l a t i o n  
- 
sys tem,  d e f i n e d  a s  above ,  i s  r < u  + m + - . T h i s  c o n d i t i o n  
l + S  S 
r e d u c e s  h e r e  t o  0  < m - , a  c o n d i t i o n  which always h o l d s  
S 
( i n d e p e n d e n t l y  o f  t h e  s p e c i f i c a t i o n s  o f  r ( t)  and m ( t ) )  . 
i d e n t i c a l  t o  a  s u b s e q u e n t  s t a t e  o f  t h e  above h y p o t h e t i c a l  popu- 
l a t i o n  sys tem.  
The t i m e  b, a t  which t h i s  co r re spondence  o c c u r s ,  i s  s imply  
obse rved  a s  t h e  r o o t  o f  S ( t )  = s ,  which i s  u n i q u e  due  t o  t h e  
c o u r s e  o f  t h e  e v o l u t i o n  o f  S ( t ) .  I t  i s  r e a d i l y  e s t a b l i s h e d  
t h a t  
Consequen t ly ,  i f ,  a round t h e  o b s e r v a t i o n  p e r i o d ,  t h e  a c t u a l  
p o p u l a t i o n  e x h i b i t s  t h e  c o n s t a n t  reg imes  o f  n a t u r a l  i n c r e a s e  and 
m i g r a t i o n  d e f i n e d  by r a n d  m ,  w e  can  s imply  d e t e r m i n e  whe the r  
t h i s  sys t em h a s  a l r e a d y  r e a c h e d  o r  w i l l  r e a c h  t h e  c r o s s - o v e r  
p o i n t .  
L e t t i n g  T '  d e n o t e  t h e  t i m e  span  n e c e s s a r y  t o  r e a c h  t h e  
c r o s s - o v e r  p o i n t  f rom t h e  o b s e r v a t i o n  p e r i o d ,  w e  have  
and f i n a l l y  ( K e y f i t z ,  19781, 
T h i s  r e l a t i o n s h i p  shows t h a t  t h e  s i g n  of T '  depends  on  t h e  rel-  
m - m 
a t i v e  v a l u e s  o f  - and  s .  I n  p a r t i c u l a r ,  i f  s > -, t h e  c r o s s -  
r r 
o v e r  p o i n t  a p p e a r s  t o  have  been  p a s s e d .  
Suppose now t h a t  w e  o b s e r v e  an  a c t u a l  p o p u l a t i o n  i n  which 
r = 0.03 and m = 0.02,  and  t h e  p a r t  o f  t h e  p o p u l a t i o n  which i s  
- 
urban  i s  0.2 ( i . e . ,  s = 0 . 2 5 ) .  Then,  i f  t h i s  p o p u l a t i o n  i s  
s u b m i t t e d  t o  t h e  c o n s t a n t  reg ime o f  n a t u r a l  i n c r e a s e  and  migra-  
t i o n  d e f i n e d  by r and  m r e s p e c t i v e l y ,  it w i l l  r e a c h  t h e  c r o s s -  
o v e r  p o i n t  a t  which n a t u r a l  i n c r e a s e  and m i g r a t i o n  c o n t r i b u t e  
e q u a l l y  t o  u r b a n  growth  
1 T' = - 1 . 6 6  
0.02  I n  -= 14.4 y e z r s  l a t e r  . 1 .25  
Case o f  a  Ra te  o f  N a t u r a l  I n c r e a s e  Vary ing  E x p o n e n t i a l l y  
L e t  u s  suppose  t h a t  
i n  which ro  and r, a r e  b o t h  p o s i t i v e  b u t  such  t h a t ,  i f  ro  i s  
l a r g e r  ( s m a l l e r )  t h a n  r l  , B i s  n e g a t i v e  ( p o s i t i v e )  . 
The e n s u i n g  model c a n  a g a i n  b e  c o n s i d e r e d  a s  e v o l v i n g  from 
an  i n i t i a l  s t a t e  i n  which t h e  p o p u l a t i o n  i s  e n t i r e l y  r u r a l .  I t  
i s  s i m p l e  t o  e s t a b l i s h  t h a t  t h e  t o t a l  p o p u l a t i o n  i s  g i v e n  by:  
and t h e  r u r a l  p o p u l a t i o n  by 
r - r  
( r l  - m ) t  + 0  1  B ( ,P t  - 1 )  P  (t)  = P ( 0 ) e  
r (27 
I t  f o l l o w s  t h a t  t h e  u rban  p o p u l a t i o n  i s :  
s o  t h a t  t h e  r a t i o  o f  u rban  t o  r u r a l  p o p u l a t i o n  i s  a g a i n  g i v e n  
by : 
As expected, since the rate of natural increase is the same 
in both regions, a change in r has no impact on the distribution 
of population, which depends solely on m. 
Substituting (25) and (29) in (21) yields: 
Since m(t) is here a constant, (11) reduces to: 
Clearly, if B > 0, dr(t) is positive and thus dR(t) is negative. 
By contrast, if < 0, the sign of dR(t) cannot be derived with- 
out expliciting (30). In such circumstances dR(t) has the same 
sign as the following expression: 
in which r - r > 0. 0 1 
Two subcases must be considered. Let us,first suppose that 
6 + m > 0 and let us rearrange E as 
*The urban population always becomes infinitely positive. The 
rural population tends toward + 03 (if B > 0 or if B < 0 and 
r > m) , and toward zero (if B < 0 and rl < m) . 1 
Then, it f o l l o w s  t h a t  E is  n e g a t i v e  s i n c e  a l l  t h e  t e r m s  of  (32b)  
which a r e  p o s i t i v e  have  a  n e g a t i v e  s i g n .  
Now, i f  w e  suppose  B + m < o ,  w e  may r e a r r a n g e  E a s  
S i n c e  m and f3 a r e  s u c h  t h a t  f3 < 8  + m < 0 ,  we c l e a r l y  have 
eBt  > e (B+rn) t . Consequen t ly ,  a l l  t h e  t e r m s  o f  ( 3 2 c )  which a r e  
p o s i t i v e  have  a  n e g a t i v e  s i g n  and t h u s  E i s  n e g a t i v e .  
Consequen t ly ,  wha teve r  r ( t )  i n c r e a s e s  o r  d e c r e a s e s  exponen- 
t i a l l y ,  R ( t )  m o n o t o n i c a l l y  d e c r e a s e s  from + ( f o r  t = 0 )  t o  z e r o  
( a s  t -+ + m ) :  a g a i n ,  t h e  impor tance  o f  m i g r a t i o n  i n  a c c o u n t i n g  
f o r  u rban  growth m o n o t o n i c a l l y  d e c r e a s e s  t o  v a n i s h  i n  t h e  l o n g  
run .  A s  i n  t h e  c a s e  o f  a  c o n s t a n t  n a t u r a l  i n c r e a s e  r a t e ,  t h e r e  
e x i s t s  a  c r o s s - o v e r  p o i n t  T c h a r a c t e r i z e d  by e q u a l  n a t u r a l  i n -  
m.-m7CCI -, ,,- 2nd i n i g r a t i o n  i n  t h e  urban r e g i o a ,  i . e . ,  such  t h a t  
which,  a f t e r  s u b s t i t u t i n g  ( 2 5 )  and  ( 2 9 ) ,  d e f i n e s  T i m p l i c i t l y  
The above problem i s  v i s u a l i z e d  i n  F i g u r e  1 ,  whose schema (ii) 
shows t h e  v a r i a t i o n s  o f  ( f o r  B < 0 )  and S ( t ) .  
*I t  i s  r e a d i l y  e s t a b l i s h e d  t h a t ,  i f  B i s  n e g a t i v e  ( p o s i t i v e ) ,  
t h i s  T-va lue  i s  h i g h e r  ( s m a l l e r )  t h a n  t h e  T-va lue  t h a t  would be  
o b t a i n e d  i f  r ( t )  would keep  t h e  c o n s t a n t  v a l u e  ro .  
I n  T a b l e  2 ,  w e  d i s p l a y  t h e  r e s u l t s  o f  a s c e n a r i o  c o r r e s p o n d -  
i n g  t o  t h e  case o f  a c o u n t r y  which  h a s  a n  m = 0.02 r u r a l - u r b a n  
n e t  m i g r a t i o n  r a t e  a n d  e x h i b i t s  a n  e x p o n e n t i a l  d e c r e a s e  o f  r ( t )  
w i t h  p a r a m e t e r s  ro = 0 . 0 4 5 ,  r l  = 0 . 0 1 ,  a n d  B = - 0 . 0 5 .  
T a b l e  2.  U r b a n i z a t i o n  o f  a n  i n i t i a l l y  r u r a l  p o p u l a t i o n  o f  1  
m i l l i o n  w i t h  m = 0.02 a n d  r ( t )  = 0.01 + 0 . 0 3 5  e - 0 . 0 5 t  
P e r c e n t a g e  Y e a r  T o t a l  R u r a l  U r b a n  m 
U r b a n  S ( t )  r (t) R ( t )  
N o t e  t h a t ,  i n  c o n t r a s t  t o  t h e  s c e n a r i o  o f  T a b l e  1 ,  t h e  
r u r a l  p o p u l a t i o n  r e a c h e s  a maximum a t  a b o u t  t h e  2 5 t h  y e a r  a n d  
t h e n  t e n d s  t o  v a n i s h  ( s i n c e  rn > r ) . 1  
N o w ,  r e t u r n i n g  t o  o u r  a c t u a l  p o p u l a t i o n  s y s t e m  (r  = 0 . 0 3 ,  
- 
m = 0 . 0 2 ,  s = 0 . 2 5 ) ,  w e  would  l i k e  t o  know when it r e a c h e d  o r  
w i l l  r e a c h  t h e  c r o s s - o v e r  p o i n t  i f ,  a r o u n d  t h e  o b s e r v a t i o n  
pe r iod ,  t h e  n a t u r a l  i n c r e a s e  r a t e  fo l lows  t h e  p a t t e r n  embodied 
i n  (25)  w i th  r l  = 0.01 and f3 = -0.05. 
Indeed,  t h e  answer t o  t h i s  problem r e q u i r e s  t h e  knowledge 
o f  t h e  v a l u e  o f  ro which permi t s  one t o  b u i l d  t h e  h y p o t h e t i c a l  
popu la t i on  submi t ted  t o  t h e  n a t u r a l  i n c r e a s e  p a t t e r n  j u s t  de- 
s c r i b e d  and which, a t  some p o i n t  i n  t i m e ,  i s  c h a r a c t e r i z e d  by a  
n a t u r a l  i n c r e a s e  e q u a l  t o  r and a  r e g i o n a l  d i s t r i b u t i o n  co r r e -  
sponding t o  E .  The t i m e  tD a t  which t h e  h y p o t h e t i c a l  popula t ion  
p r e s e n t s  c h a r a c t e r i s t i c s  i d e n t i c a l  t o  t h o s e  o f  t h e  a c t u a l  popu- 
I l a t i o n  i s  a g a i n  g iven  by tD = l n ( 1  + 5 ) .  Since  r ( t  ) = r D f3t- 1  
+ ( ro  - r l ) e  = r ,  w e  have t h a t  
I t  fo l l ows  t h a t  r o  = 0.045, which i s  p r e c i s e l y  t h e  v a l u e  
w e  chose  when g e n e r a t i n g  t h e  s c e n a r i o  cor responding  t o  Tab le  2 .  
Again, t h e  h y p o t h e t i c a l  popu la t i on  p r e s e n t s  t h e  same c h a r a c t e r -  
I i s t i c s  a s  t h e  observed popu la t i on  f o r  tD = - 0.02 I n  1.25 = 11.2 
y e a r s .  I t  appears  t h a t  t h e  c ross -over  i s  reached f o r  T  approx- 
imate ly  equa l  t o  45.1 y e a r s .  Then t h e  t i m e  span necessa ry  t o  
reach  t h e  c ross -over  i s  T '  = 33.9 y e a r s  from t h e  observed p e r i -  
od ( a g a i n s t  T '  = 14.4 y e a r s  i n  t h e  c a s e  o f  r ( t )  remaining equa l  
t o  r ) .  Thus, t h e  e x p o n e n t i a l  dec rea se  o f  r ( t )  d e l a y s  t h e  c r o s s -  
ove r  p o i n t  by 19.5 y e a r s .  Indeed,  t h e  d e l a y  i n  t h e  occurrence  
of  t h e  c ross -over  p o i n t  c ause s  n a t u r a l  i n c r e a s e  t o  t a k e  over  i n  
a  more urbanized count ry .  A t  t h e  c ro s s -ove r ,  t h e  r a t i o  S ( t )  o f  
urban t o  r u r a l  popu la t i on  i s  equa l  t o  1.46 ( v e r s u s  0.66 i n  t h e  
c a s e  o f  a  c o n s t a n t  r a t e  of  n a t u r a l  i n c r e a s e ) :  t h i s  cor responds  
t o  an  i n c r e a s e  i n  t h e  p a r t  o f  t h e  popu la t i on  which i s  urban 
from 40 p e r c e n t  t o  ove r  59 pe rcen t .  
Case o f  a  Rural-Urban Migra t ion  Rate  I n c r e a s i n q  Exponen t i a l l y  
W e  a g a i n  assume r ( t )  t o  be c o n s t a n t  b u t  suppose t h a t  m ( t )  
i n c r e a s e s  e x p o n e n t i a l l y :  
in which m and a, are positive.* 0 
The ensuing model can again be considered as evolving from 
an initial state in which the population is entirely rural. 
The total population is again given by ( 1 7 ) ,  whereas the 
rural population is obtained by integrating 
which leads to: 
It follows that the urban population is given by 
and the ratio S(t) of urban to rural population is 
*Two remarks are in order here: first of all, the case of a 
migration rate decreasing exponentially could be treated in a 
similar way using 
in which m and a are again positive. 0 
Secondly, note that, unlike the varying migration rate consid- 
ered by Rogers ( 1 9 7 8 )  which becomes infinitely positive as t 
increases, the present rate tends toward a limit mo. 
Thus S(t) monotonically increases from zero (for t = 0 )  to + 
(as t +- + m) . * 
Substituting (36) and (40) in (25) yields 
What are then the variations displayed by ~ ( t ) ?  As t is close 
to zero, the numerator and denominator of R(t) are equivalent to 
7 
rm at" 
nlatand 0 0 respectively. Consequently, R(t) is infinitely 2 
positive. 
On the other hand, as t increases infinitely, the denomina- 
tor of (41) also increases infinitely and R(t) tends toward 
zero. 
Are the variations of R(t) monotonic between the above ex- 
treme values? Differentiating m(t) with respect to time, we 
obtain 




 m O a e  
dt2 
*PU(t) monotonically increases toward + m while Pr (t) can 
either become infinitely positive if r > mo or vanish if 
r < m  0 ' 
The m i g r a t i o n  f u n c t i o n  m ( t )  i s  t h e n  s u c h  t h a t  (16 )  h o l d s .  I t  
immedia te ly  f o l l o w s  from o n e  o f  t h e  p r o p e r t i e s  e s t a b l i s h e d  when 
d e a l i n g  w i t h  t h e  g e n e r a l i t i e s  o f  t h e  model ,  t h a t  R ( t )  monotoni- 
c a l l y  d e c r e a s e s  f rom + a ( f o r  t = 0)  t o  z e r o  (as t + + m ) .  
A s  i n  t h e  p r e c e d i n g  cases, t h e r e  e x i s t s  a c r o s s - o v e r  p o i n t  
T  c h a r a c t e r i z e d  by e q u a l  n a t u r a l  i n c r e a s e  and  m i g r a t i o n  i n  t h e  
u rban  r e g i o n ,  i . e . ,  s u c h  t h a t  
which ,  a f t e r  s u b s t i t u t i n g  ( 3 6 )  and ( 4 0 ) ,  d e f i n e s  T  i m p l i c i t l y :  
The o c c u r r e n c e o f t h e  c r o s s - o v e r  i s  v i s u a l i z e d  i n  F i g u r e  1 ,  whose 
m ( t )  and S ( t )  .schema (iii) i n d i c a t e s  t h e  v a r i a t i o n s  o f  7 
I n  T a b l e  3 ,  w e  d i s p l a y  t h e  r e s u l t s  o f  a s c e n a r i o  c o r r e -  
s p o n d i n g  t o  t h e  case o f  a c o u n t r y  i n  which t h e  r a t e  o f  n a t u r a l  
i n c r e a s e  i s  r = 0.03 and  t h e  r u r a l - u r b a n  n e t  m i g r a t i o n  ra te  i s  
g i v e n  by ( 3 6 )  where mo = 0.12 a n d  u = 0.0084. 
Observe a g a i n  t h a t  t h e  r u r a l  p o p u l a t i o n  r e a c h e s  a  maximum 
a t  a b o u t  t h e  3 4 t h  y e a r  b e f o r e  d e c r e a s i n g  toward  z e r o  ( s i n c e  
m > r ) .  0  
W e  now r e t u r n  t o  o u r  a c t u a l  p o p u l a t i o n  sys t em ( r  = 0 .03 ,  
- 
m = 0 .02 ,  s = 0.25)  and a s k  o u r s e l v e s  when t h e  c r o s s - o v e r  p o i n t  
o c c u r r e d o r w i l l  o c c u r  i f  t h e  r u r a l - u r b a n  m i g r a t i o n  ra te  f o l l o w s ,  
a round t h e  o b s e r v a t i o n  p e r i o d ,  t h e  p a t t e r n  embodied i n  (36 )  w i t h  
m = 0 .12 .  0  
*It c a n  e a s i l y  b e  e s t a b l i s h e d  t h a t  t h i s  T-value i s  smaller t h a n  
t h e  T-va lue  t h a t  would be  o b t a i n e d  i f  m ( t )  would have  t h e  con- 
s t a n t  v a l u e  m . 
0  
Table 3. Urbanization of an igiti-ally rural p~pulation of 
1 million with r = 0.03 and m(t) = 0.12 (1 - 
e -0.0084t) 
Tota l  Percentage Year Rural Urban m ( t )  (t)  
Urban S ( t )  R ( t )  
To answer this question, we must know the value of a that 
permits 11s to build the hypothetical population (a) submitted to 
a Constant rate r of natural increase and to the migration 
scheme just described, and (b) presenting a state characterized 
by a r~iral-urban migration rate equal to m and a regional dis- 0 
tribution corresponding to s .  
The time tD at which the hypothetical population presents 
charactez-istics identical to those of the actual population is 
such that: 
and 
E l i m i n a t i n g  tD between t h e s e  two e q u a t i o n s  y i e l d s :  
Consequent ly ,  a = 0.0084, which i s  p r e c i s e l y  t h e  v a l u e  w e  c h o s e  
when g e n e r a t i n g  t h e  s c e n a r i o  d i s p l a y e d  i n  T a b l e  3 .  I t  f o l l o w s  
t h a t  t h e  h y p o t h e t i c a l  p o p u l a t i o n  p r e s e n t s  t h e  s a m e  c h a r a c t e r -  
i s t i c s  as t h e  o b s e r v e d  p o p u l a t i o n  f o r  
t~ 
= - I ln (1  - e)= 21.7 y e a r s  . 
a 
I t  a p p e a r s  t h a t  t h e  c r o s s - o v e r  i s  r e a c h e d  f o r  T  a p p r o x i -  
m a t e l y  e q u a l  t o  41.6 y e a r s .  Then, t h e  t i m e  span  n e c e s s a r y  t o  
r e a c h  t h e  c r o s s - o v e r  i s  T '  = 19.9 y e a r s  f rom t h e  obse rved  p e r i o d  
( a g a i n s t  T '  = 14.4 y e a r s  i n  t h e  c a s e  o f  r ( t )  and m ( t )  r ema in ing  
c o n s t a n t ) .  Thus,  a s  e x p e c t e d ,  t h e  e x p o n e n t i a l  i n c r e a s e  i n  m ( t )  
d e l a y s  t h e  c r o s s - o v e r  p o i n t  by 5.5 y e a r s .  
Again,  t h e  d e l a y  i n  t h e  o c c . u r r e n c e o f t h e  c r o s s - o v e r  c a u s e s  
n a t u r a l  i n c r e a s e  t o  t a k e  o v e r  m i g r a t i o n  i n  a  more u r b a n i z e d  
c o u n t r y .  A t  t h e  c r o s s - o v e r ,  t h e  r a t i o  S ( t )  o f  u rban  t o  r u r a l  
p o p u l a t i o n  i s  e q u a l  t o  1.18 ( v e r s u s  0.66 i n  t h e  c a s e  o f  c o n s t a n t  
r a t e s ) :  t h i s  c o r r e s p o n d s  t o  an  i n c r e a s e  i n  t h e  p a r t  o f  t h e  
whole p o p u l a t i o n  which i s  u rban  from 4 0  p e r c e n t  t o  r o u g h l y  54 
p e r c e n t .  
Case and M i g r a t i o n  R a t e s  
W e  may now combine t h e  a s sumpt ions  o f  t h e  two p r e c e d i n g  
c a s e s  s o  a s  t o  have  an  e x p o n e n t i a l l y  d e c r e a s i n g  r a t e  o f  n a t u r a l  
inc~:eilse ( g i v e n  by ( 2 5 ) )  and  a n  e x p o n e n t i a l l y  i n c r e a s i n g  r a t e  o f  
r u r a l - u r b a n  m i g r a t i o n  ( g i v e n  by ( 3 6 )  ) . 
A y a l n ,  s t a r t i n g  from a n  e n t i r e l y  r u r a l  p o p u l a t i o n ,  t h e  t o -  
~ 3 1  p o p u l a t i o n  a t  t i m e  t i s  g i v e n  by ( 2 6 ) .  The r u r a l  p o p u l a t i o n  
i s  ilobl c b t a i n e d  by i n t e g r a t i n g  
i n  which n > 0 ,  0  < r l  < r a > 0 and  B < 0 ,  which l e a d s  t o :  
0 0  ' 
r - r l  0  m ( r l  - m  ) t  + 0  (eBt - 1 )  + - ( 1  - e  - B t )  0  B P i t )  := P ( 0 ) e  a 
i- 
)The u r b a n  p o p u l a t i o n  is  now o b t a i n e d  f rom 
C o n s e q u e n t l y ,  a s  e x p e c t e d ,  s i n c e  r ( t )  d o e s  n o t  a f f e c t  it, t h e  
r a t i . 0  S ( t )  of  u r b a n  t o  r u r a l  p o p u l a t i o n  i s  a g a i n  g i v e n  by ( 4 0 ) . *  
T h u s ,  t h e  r a t i o  R ( t )  o f  u r b a n  m i g r a t i o n  t o  n a t u r a l  i n c r e a s e  
c a n  be e x p r e s s e d  a s  
*p (t) i n o n o t o n i c a l l y  i n c r e a s e s  toward  + m w h i l e  Pr ( t)  c a n  e i t h e r  
u 
become i n f i n i t e l y  p o s i t i v e  i f  r l  > m 0  o r  v a n i s h  i f  r l <  *O ' 
B i i t ,  S it.) moi lo ton ica l ly  i n c r e a s e s  f rom z e r o  ( f o r  t = 0 )  t o  + 
0 . + C 0 1 )  . 
What a r e  t h en  t h e  v a r i a t i o n s  of  R ( t ) ?  S ince  t i s  c l o s e  t o  
z e r o ,  t h e  numerator and denominator  of  R ( t )  a r e  e q u i v a l e n t  t o  
2  
a t  r e s p e c t i v e l y :  R ( d )  i s  t h en  i n f i n i t e l y  p o s i t i v e .  m a t  and 0 0 0 2  
By c o n t r a s t ,  a s  t i n c r e a s e s  i n f i n i t e l y ,  t h e  denominator  of (52)  
a l s o  i n c r e a s e s  i n f i n i t e l y  and R ( t )  t e n d s  toward ze ro .  Does t hen  
R ( t )  d e c r e a s e  monotonica l ly  from + m t o  z e ro  a s  t + + a? 
U n f o r t u n a t e l y ,  t h e  complexity o f  ( 5 2 )  does  n o t  pe rmi t  u s  t o  
e s t a b l i s h  such a  p r o p e r t y .  Neve r the l e s s ,  w e  can  e s t a b l i s h  t h e  
v a r i a t i o n s  of  - m ( t )  and S  ( t )  which a r e  p i c t u r e d  on schema ( i v )  of  
r ( t )  
F i g u r e  1 :  b o t h  f u n c t i o n s  monotonica l ly  i n c r e a s e  s i n c e  t h e i r  
f i r s t  d e r i v a t i v e s  a r e  p o s i t i v e .  A s  w e  have shown, S ( t )  has  a  
n e g a t i v e  f i r s t  d e r i v a t i v e  and i t s  c u r v a t u r e  i s  d i r e c t e d  upward. 
m ( t )  however, depends on t h e  parameter  v a l -  The c u r v a t u r e  o f  -
r ( t )  ' 
ues .  Le t  u s  assume t h a t  a  + B < 0 .  Then w e  can  show i n  Appen- 
a  d i x  1  t h a t  i f  r l  > r ( 1  + -1, t h e  second d e r i v a t i v e  of  m ( t )  0 28 r(t) 
i s  always n e g a t i v e  and t h e r e f o r e  i t s  c u r v a t u r e  i s  d i r e c t e d  down- 
a 
ward. I n  t h e  a l t e r n a t i v e  c a s e ,  r l  < r (1  + --) , t h e  c u r v a t u r e  0 28 
of  - m ( t )  i s  f i r s t  d i r e c t e d  upward and t hen  downward. 
r ( t )  
I n  any c a s e ,  i f  a + B < 0 ,  a s  sugges ted  by schema ( i v )  o f  
F i g u r e  1 ,  t h e  cu r v e  m ( t )  - l i e s  above S  ( t )  f o r  smal l  v a l u e s  o f  t 
r ( t )  
( s i n c e  R ( t )  = %/s ( t )  i s  i n f i n i t e  f o r  t = 0 )  and t h e r e f o r e ,  
r ( t )  
m ( t )  and S ( t )  can  whatever t h e  pa ramete r  v a l u e s ,  t h e  two cu rves  
-77 
and do i n t e r s e c t  o n l y  once.  
The r e s u l t i n g  c ross -over  p o i n t  T i s  de f i ned  by 
I n  Tab le  4 ,  we d i s p l a y  t h e  f i g u r e s  o f  a  s c e n a r i o  c o r r e -  
sponding t o  t h e  c a s e  o f  a  coun t ry  submi t t ed  t o  
and  
Returning to our actual population system (r = 0.03, 
- 
m = 0.02, s = 0.25), we ask ourselves when the cross-over would 
occi.ir if r (t) would decrease exponentially toward r (with f3 1 
= -0.05), and m(t) increase exponentially toward no. 
Table 4. Urbanization of an initially rural population of 
1 million submitted to (54) and (55). 
P e r c e n t a g e  Y e a r  T o t a l  R u r a l  U r b a n  U r b a n  m( t )  r ( t )  m( t )  S ( t )  R ( t )  
One c a n  e s t a b l i s h  t h a t  t h e  p a r a m e t e r  a o f  m ( t )  s h o u l d  b e  
i d e n t i c a l  t o  t h a t  o f  t h e  p r e c e d i n g  case and  t h a t  ro  s h o u l d  b e  
t a k e n  a s  
Consequen t ly ,  ro = 0.069,  which i s  p r e c i s e l y  t h e  v a l u e  w e  c h o s e  
when g e n e r a t i n g  t h e  s c e n a r i o  d i s p l a y e d  i n  T a b l e  4 .  
Again ,  t h e  h y p o t h e t i c a l  p o p u l a t i o n  p r e s e n t s  t h e  same c h a r -  
a c t e r i s t i c s  a s  t h e  o b s e r v e d  p o p u l a t i o n  f o r  tD = 21.7 y e a r s .  I t  
a p p e a r s  t h a t  t h e  c r o s s - o v e r  i s  r e a c h e d  f o r  T  a p p r o x i m a t e l y  e q u a l  
t o  59.8 y e a r s .  Then, t h e  t i m e  span  n e c e s s a r y  t o  r e a c h  t h e  c r o s s -  
o v e r  is T I  = 38.1 y e a r s  f rom t h e  obse rved  p e r i o d  ( a g a i n s t  T '  = 
14.4  y e a r s  i n  t h e  case o f  r ( t )  and m ( t )  r e m a i n i n g  c o n s t a n t ) .  I n  
o t h e r  words ,  t h e  e x p o n e n t i a l  d e c r e a s e  o f  t h e  r a t e  of  n a t u r a l  i n -  
c r e a s e  and  t h e  e x p o n e n t i a l  i n c r e a s e  o f  t h e  r u r a l - u r b a n  m i g r a t i o n  
r a t e  d e l a y  t h e  c r o s s - o v e r  p o i n t  by a s  many a s  23.7 y e a r s .  In-  
deed ,  t h i s  d e l a y  c a u s e s  n a t u r a l  i n c r e a s e  t o  t a k e  o v e r  m i g r a t i o n  
i n  a more u r b a n i z e d  c o u n t r y :  S ( t )  = 3.66 v e r s u s  0 .66,  which 
c o r r e s p o n d s  t o  an  i n c r e a s e  o f  t h e  p a r t  o f  t h e  p o p u l a t i o n  which 
i s  u r b a n  from 40 p e r c e n t  t o  r o u g h l y  78 p e r c e n t .  
E x p l o r a t i o n  o f  t h e  Todaro  H y p o t h e s i s  
The m i g r a t i o n  f u n c t i o n  ( 3 6 )  h a s  been  p u t  down above  w i t h o u t  
any j u s t i f i c a t i o n .  However, c a n  it b e  g i v e n  any  economic i n t e r -  
p r e t a t i o n ?  
F o r  example,  l e t  u s  c o n s i d e r  t h a t  t h e  r u r a l  p e r  c a p i t a  i n -  
come i n c r e a s e s  e x p o n e n t i a l l y :  
I f ,  i n  a d d i t i o n ,  w e  assume t h a t  t h e  u rban  p e r  c a p i t a  i n -  
come i n c r e a s e s  f a s t e r  t h a n  t h e  r u r a l  p e r  c a p i t a  income b u t  i n  
such a way t h a t  t h e  r a t i o  o f  t h e  u rban  t o  r u r a l  growth rates i n  
p e r  c a p i t a  income d e c r e a s e s  t o  t e n d  u l t i m a t e l y  toward one ,  w e  
have 
Assume f u r t h e r  t h a t  t h e  r u r a l - u r b a n  m i g r a t i o n  ra te  v a r i e s  i n  
d i r e c t  p r o p o r t i o n  t o  t h e  r a t i o  o f  t h e  p e r  c a p i t a  incomes i n  t h e  
two r e g i o n s .  Then w e  have:  
ywr ( 0 )  
o r ,  by s u b s t i t u t i n g  mo f o r  7, 
W u (  
which i s  p r e c i s e l y  t h e  m i g r a t i o n  f u n c t i o n  ( 3 6 ) .  
Fol lowing Todaro ( 1 9 6 9 ) ,  Rogers (1978) a r g u e s  t h a t  t h e  
n o t i o n  o f  r u r a l - u r b a n  m i g r a t i o n  i n c o r p o r a t e d  i n  ( 5 9 )  is  i n s u f f i -  
c i e n t  and s h o u l d  i n c l u d e  t h e  p r o b a b i l i t y  o f  g e t t i n g  a j ob  a t  t h e  
r e g i o n  o f  d e s t i n a t i o n .  Then, w e  c o u l d  s u b s t i t u t e  f o r  (59)  t h e  
f o l l o w i n g  
i n  which t h e  p r o b a b i l i t y  p ( t )  t h a t  a r u r a l - u r b a n  m i g r a n t  w i l l  
f i n d  a  job  i n  an  u rban  c e n t e r  i s  d e f i n e d  (Todaro 1976) by 
where g(t) is the net rate of growth of modern sector employment 
opportunities in the urban region and u(t) is the rate of un- 
employment that prevails in this region. Here we assume g(t) to 
be constant, i.e., 
Further, we assume that there is a bias in the growth of popula- 
tion, PU(t), and employment opportunities, E (t) in the urban 
u 
region, i.e., 
Then, if the labor force participation is constant, the unemploy- 
ment rate 
can be expressed as 
Differentiating (65) with respect to time, we obtain: 
*The ratio of employment opportunities to population is thus 
Thus, u(t) monotonically increases from 
Substituting (62) and (65) into (61) leads to: 
6 t 
 ye - 1) - gxe 6 t p (t) = g - . (68) 
(py - x)est - 1 ( p y  - x)eSt - 1 
p(yeSt - 1)  
Using (67b), this can be rewritten as 
To eliminate the unknown p ,  we further assume that p(O) = 1. 
We obtain 
and we thus have, after substituting (70) into (60) 
What are the variations of this migration function over time? 
Differentiating m(t) with respect to time, we obtain 
(72) 
This expression has the sign of 
in which A = (1 - ul) (1 + g) - 1 is negative. 
Differentiating z(t) with respect to time, we have that 
- -  
-6t a t -  dz(t) - 6(a - 6 ) ~ e  (e dt 1) (74) 
dz(t) has the sign (6 - a )  Two subcases must It follows that dt 
then be examined: 
dz(t) is positive and thus z monotonically increases from dt 
a (ul + A) = ag (1 - u1 ) , a positive value. Consequently, 
z (t) is always positive and m(t) monotonically increases 
1 - u. 
from zero (for t = 0) to mo I 
1 
dz(t) is negative and thus z monotonically decreases from dt 
ag(1 - ul), which is positive, f3 - m .  In other words, 
there exists a value % of t such that z(t) is positive 
for t < % and negative for t > % . Consequently, m (tj 
increases for t varying from t = 0 to t = t and de- 0 
1 - u, 
creases thereafter to reach the limit 
"0 u1 
The v a r i a t i o n s  o f  t h e  m ig ra t i on  f u n c t i o n  i n  bo th  t h e s e  
c a s e s  a r e  v i s u a l i z e d  i n  F igu re  2. 
(a) g j a .  (b) g . * ! x .  
Fi gu re  2. E x p l o r a t i o n  o f  t h e  Todaro hypo the s i s :  t h e  v a r i a t i o n s  
o f  m ( t ) .  
Now, l e t  u s  c o n s i d e r  a  popu l a t i on  sys tem,  i n i t i a l l y  
e n t i r e l y  r u r a l ,  i n  which bo th  r e g i o n s  a r e  submi t t ed  t o  t h e  same 
r a t e  o f  n a t u r a l  i n c r e a s e  r .  I n  a d d i t i o n ,  t h e  economic c o n d i t i o n s  
a r e  supposed t o  induce  a  r u r a l -u rba n  n e t  m ig ra t i on  r a t e  m ( t )  
given  by ( 7 1 ) .  
Then, t h e  n a t u r a l  p opu l a t i on  a t  t i m e  t i s  g ive n  by ( 1 7 ) .  
S i m i l a r  e x p r e s s i o n s  r e l a t i n g  t o  t h e  r u r a l  and urban popu l a t i ons  
canno t  be o b t a in ed  h e r e  due t o  t h e  d i f f i c u l t y  o f  i n t e g r a t i n g  
equa t i o n  ( 2 )  . 
I n  any c a s e ,  w e  know from ( 8 )  t h a t  S ( t )  monoton ica l ly  i n -  
c r e a s e s  from z e r o  ( f o r  t = 0 )  ; moreover,  s i n c e  m ( t )  t e n d s  toward 
1  - u1 
a  l i m i t  mo , S ( t )  becomes i n f i n i t e l y  p o s i t i v e  a s  t -+ + 
u1 
Then, what ab o u t  t h e  v a r i a t i o n s  of  t h e  r a t i o  R ( t )  of m ig ra t i on  
t o  n a t u r a l  i n c r e a s e  i n  t h e  urban reg ion?  
L e t  u s  r e c a l l  t h a t  t h e  r a t i o  R ( t )  o f  urban m i g r a t i o n  t o  
n a t u r a l  i n c r e a s e  i s  e q u a l  t o  t h e  r a t i o  o f  m ( t )  - t o  S  (t)  . Again, r 
it i s  s i m p l e  t o  show t h a t  t h i s  r a t i o  i s  i n i t i a l l y  i n f i n i t e  and 
t e n d s  toward z e r o  a s  t + a, s o  t h a t  t h e r e  e x i s t s  a t  l e a s t  o n e  
p o i n t  a t  which R ( t )  = 1 ,  i . e . ,  n a t u r a l  i n c r e a s e  i s  e q u a l  t o  i n -  
m i g r a t i o n  i n  t h e  u r b a n  r e g i o n  (see i n  F i g u r e  1 ,  s c h e m t a  ( v )  and 
( v i ) ,  c o r r e s p o n d i n g  t o  t h e  two s u b c a s e s  d i s t i n g u i s h e d  e a r l i e r ) .  
I n  c o n t r a s t  t o  t h e  p r e v i o u s  c a s e s  o f  v a r y i n g  n a t u r a l  i n -  
c r e a s e  and m i g r a t i o n  r a t e s ,  t h e  p r e s e n t  e v o l u t i o n  o f  m ( t )  d o e s  
n o t  l e n d  i t s e l f  t o  a n  e a s y  d e r i v a t i o n  o f  t h e  s i g n  o f  i t s  second 
d e r i v a t i v e  and t h e r e f o r e  d o e s  n o t  a l l o w  one  t o  c o n c l u d e  w h e t h e r  
R ( t )  m o n o t o n i c a l l y  d e c r e a s e s  o r  n o t .  I t  i s  e x p e c t e d  t h a t ,  i n  
r e a l i t y ,  R ( t )  f o l l o w s  such  a  p a t t e r n  and t h u s  t h a t  t h e r e  e x i s t s  
a u n i q u e  c r o s s - o v e r  p o i n t  a f t e r  which t h e  g rowth  o f  t h e  u r b a n  re- 
g i o n  i s  more and  more t h e  f a c t  o f  n a t u r a l  i n c r e a s e .  
Because t h e  a n a l y t i c a l  i n t e g r a t i o n  o f  m ( t )  i s  n o t  s o  
s t r a i g h t f o r w a r d ,  w e  c a n n o t  g e n e r a t e  h e r e  a  s i m p l e  i l l u s t r a t i o n  
o f  t h e  model a s  i n  t h e  p r e v i o u s  cases. F o r t u n a t e l y ,  w e  c a n  re- 
s o r t  t o  u s i n g  t h e  d i s c r e t e  e q u i v a l e n t  o f  t h e  above  model which ,  
i n  f a c t ,  l e a d s  t o  v e r y  s i m i l a r  r e s u l t s .  (Compare t h e  r e s u l t s  o f  
T a b l e  3  (s temming f rom t h e  c o n t i n u o u s  f o r m u l a t i o n )  w i t h  t h o s e  o f  
t h e  t a b l e  i n  Appendix 2  ( r e l a t i n g  t o  t h e  d i s c r e t e  f o r m u l a t i o n )  
i n  t h e  c a s e  o f  a  c o n s t a n t  r a t e  o f  n a t u r a l  i n c r e a s e  ( r  = 0.03)  
and  a  m i g r a t i o n  r a t e  i n c r e a s i n g  e x p o n e n t i a l l y ) .  
I ndeed  t h e  i n c l u s i o n  o f  t h e  To.daro h y p o t h e s i s  l e a d s  t o  a  
r e d u c t i o n  i n  t h e  r u r a l - u r b a n  n e t  m i g r a t i o n  r a t e  whose e f f e c t ,  
f o r  a g i v e n  r a t e  o f  n a t u r a l  i n c r e a s e ,  i s  t o  h a s t e n  t h e  o c c u r r e n c e  
o f  t h e  c r o s s - o v e r  p o i n t .  
However, t h e  r e d u c t i o n  i n  t h e  p a c e  o f  t h e  m i g r a t i o n  r a t e  
i n c r e a s e  d o e s  n o t  seem t o  a f fec t  s o  much t h e  t r a j e c t o r y  o f  R ( t )  
i n  t h e  u s e f u l  p e r i o d  o f  t h e  model (see Appendix 21,  even  i n  
c a s e  t h e  p a r a m e t e r s  o f  t h e  model l e a d  t o  a  t u r n i n g  p o i n t  i n  t h e  
v a r i a t i o n s  o f  m ( t )  ( i . e . ,  when 6 < a) . T h e r e f o r e ,  t h e  o c c u r r e n c e  
o f  t h e  c r o s s - o v e r  i s  o n l y  s l i g h t l y  h a s t e n e d .  
I t  fo l lows  t h a t  t h e  i n t r o d u c t i o n  of  t h e  Todaro hypothes i s  
does n o t  r a d i c a l l y  modify t h e  r e s u l t s  o f  t h e  c a s e  i n  which t h e  
ru ra l -u rban  mig ra t i on  r a t e  i s  a  s imple  f u n c t i o n  o f  t h e  wage 
d i f f e r e n t i a l s  between t h e  two r eg ions .  
11. ANALYSIS BASED ON THE ROGERS TWO-REGION MODEL 
- - - 
A s  an a l t e r n a t i v e  t o  t h e  model examined above, w e  can u s e  
a  cont inuous  two-region v e r s i o n  of  t h e  i n t e r r e g i o n a l  components- 
of-change model developed by Rogers (1968) .  I n  t h i s  model, a  
more symmetric t r e a t m e n t  o f  t h e  mig ra t i on  f lows between t h e  r u r a l  
and urban r e g i o n s  i s  p o s i t e d :  g r o s s  mig ra t i on  f lows o u t  o f  t h e  
two r e g i o n s  r a t h e r  t han  t h e  conso l i da t ed  n e t  f low a r e  cons idered .  
Again l e t  r ( t )  deno te  t h e  p o s i t i v e  r a t e  o f  n a t u r a l  i n c r e a s e  
common t o  t h e  two r e g i o n s  and l e t  o U ( t )  and o r ( t )  deno te  t h e  
mig ra t i on  r a t e s  o u t  o f  t h e  urban and r u r a l  r e g i o n s  r e s p e c t i v e l y .  
Equat ion ( 1 )  remains v a l i d  s o  t h a t  t h e  t o t a l  popu la t i on  i s  
s t i l l  given  by 
However, t h e  equa t i on  d e s c r i b i n g  t h e  growth of  t h e  r u r a l  popula- 
t i o n  becomes 
and, a f  ter  s u b s t i t u t i n g  ( 3 )  , 
L e t t i n g  
(76 ) becomes 
I n t e g r a t i n g  (79) l e a d s  t o  
i n  which, i f  t h e  i n i t i a l  popula t ion  i s  e n t i r e l y  r u r a l ,  K = 1 .  
Therefore ,  t h e  r u r a l  popula t ion  a t  t i m e  t i s  given by 
I t  t h u s  fo l lows  from (3)  t h a t  
s o  t h a t  t h e  r a t i o  o f  u rban  t o  r u r a l  p o p u l a t i o n  i s  
Note t h a t  t h e  f i r s t  d e r i v a t i v e  o f  S ( t )  h a s  t h e  s i g n  of  
U n l i k e  t h e  model o f  t h e  p r e c e d i n g  s e c t i o n ,  t h e  p r e s e n t  mod- 
e l  i s  n o t  n e c e s s a r i l y  c h a r a c t e r i z e d  by a  monotonic  i n c r e a s e  o f  
S ( t ) .  Moreover,  s i n c e  t h e  r a t i o  R ( t )  o f  u r b a n  n e t  m i g r a t i o n  t o  
n a t u r a l  i n c r e a s e  i s  
there is, in general, no possibility of studying the sources of 
urban growth in an analytical way: recourse to a simulation 
analysis is then necessary. 
A Tractable Case: The Case of Proportional Gross Migration 
Rates 




0,- (t) = k  , for all t , 
(this assumption is assumed to hold in the rest of this paper), 
the analysis is still tractable analytically. 
When substituting (87) into (81 ) , the quantity between 
brackets becomes 
so then the rural population at time t is 
Subtracting (88) from ( 4 )  yields 
Then, t h e  r a t i o  S ( t )  of  urban t o  r u r a l  popu l a t i on  is  
S i n c e  s u b s t i t u t i n g  (87)  i n  (85)  y i e l d s  F = or ,  i t  is  c l e a r  t h a t  
t h e  v a r i a t i o n s  of  S ( t )  a r e  monotonic: it i n c r e a s e s  from ze ro  
( f o r  t = 0 )  t o  k ( f o r  t = 03). 
The r a t i o  R ( t )  o f  mig ra t i on  t o  n a t u r a l  i n c r e a s e  i n  t h e  ur-  
ban r eg ion  i s  o b t a i n e d  by s u b s t i t u t i n g  (90)  i n  ( 8 6 ) .  W e  have 
I t  i s  c l e a r  t h a t  t h e  f u n c t i o n  R ( t )  i s  s i m i l a r  t o  t h e  one ob t a i ned  
e a r l i e r  when u s ing  t h e  Key f i t z  model: or ( t)  + o U ( t )  = (1  + k) 
oU ( t )  i s  s u b s t i t u t e d  f o r  m ( t )  . The re fo r e ,  i f  r (t) monoton ica l ly  
i n c r e a s e s ,  a n d b r  o U ( t )  (and t h e r e f o r e  o r  (t)  ) i s  such t h a t  i t s  
f i r s t  d e r i v a t i v e  i s  p o s i t i v e  and i t s  second d e r i v a t i v e  n e g a t i v e ,  
R ( t )  monotonica l ly  d e c r e a s e s ,  which a g a i n  i n d i c a t e s  t h e  g r e a t e r  
importance o f  n a t u r a l  i n c r e a s e  v i s - a -v i s  m i g r a t i o n  a s  t h e  urban 
r eg ion  grows. 
Case o f  Cons t an t  Ra t e s  
W e  beg in  w i th  t h e  assumpt ion t h a t  r ( t )  , or  (t) and oU (t)  re- 
main c o n s t a n t ,  e q u a l  t o  r ,  or and o, r e s p e c t i v e l y :  t h i s  i s  t h e  
hypo the s i s  made by Ledent  ( 1978a ) ,  w i t h  t h e  f u r t h e r  assumption 
t h a t  t h e  urban r a t e  o f  n a t u r a l  i n c r e a s e  i s  i d e n t i c a l  t o  t h a t  of 
t h e  r u r a l  r eg ion .  
Under t h e s e  c o n d i t i o n s ,  t h e  t o t a l  p o p u l a t i o n  a t  t i m e  t i s  
and t h e  r u r a l  p o p u l a t i o n  i s  o b t a i n e d  a s  
Then, t h e  urban p o p u l a t i o n  i s  
s o  t h a t  t h e  r a t i o  S ( t )  o f  urban t o  r u r a l  p o p u l a t i o n  i s  
I t  can  be  s e e n  t h a t ,  a s  e x p e c t e d ,  ds ( t )  > 0 a n d  t h u s  S  ( t )  i n -  d t  
0 -- 
c r e a s e s  monoton ica l ly :  from z e r o  ( f o r  t = 0)  t o  5 ( f o r  - + m )  .* 
rn u  
Moreover, one can  demons t ra te  t h a t  d L s ( t )  < 0  s o  t h a t  t h e  d i r e c -  
d t 2  
t i o n  of t h e  c u r v a t u r e  o f  S ( t )  i s  i n  o p p o s i t i o n  t o  t h e  d i r e c t i o n  
it had i n  t h e  K e y f i t z  model w i t h  c o n s t a n t  r a t e s .  
S u b s t i t u t i n g  ( 9 4 )  i n t o  ( 9 1 ) ,  w e  have t h a t  
*Note t h a t  b o t h  t h e  urban and r u r a l  p o p u l a t i o n s  become i n f i n i t e l y  
p o s i t i v e  a s  t + + 
D i f f e r e n t i a t i n g  ( 9 5 )  l e a d s  t o  t h e  r e s u l t  t h a t  - d R ( t )  i s  n e g a t i v e ,  d t  
i . e . ,  R ( t )  m o n o t o n i c a l l y  d e c r e a s e s :  f rom + w ( f o r  t = 0  ) t o  
z e r o  ( f o r  t -t + a). Again ,  t h e  r o l e  o f  r n i g r a t i ~ n ~ i n i t i a l l y  p r e -  
p o n d e r a n t  i n  a c c o u n t i n g  f o r  t h e  growth  of  t h e  u r b a n  r e g i o n ,  
d i m i n i s h e s  a s  t i m e  p a s s e s  by s o  t h a t  n a t u r a l  i n c r e a s e  i s  even tu -  
a l l y  t h e  un ique  s o u r c e  o f  u r b a n  growth .  
Consequen t ly ,  t h e r e  e x i s t s  a  c r o s s - o v e r  p o i n t  T a t  which 
n a t u r a l  i n c r e a s e  e q u a l s  m i g r a t i o n  i n  t h e  u r b a n  r e g i o n .  Note 
t h a t  i n  c o n t r a s t  t o  t h e  g e n e r a l  c a s e ,  f o r  which r u r a l  and u rban  
r a t e s  o f  n a t u r a l  i n c r e a s e  a r e  d i f f e r e n t  (Leden t  1 9 7 8 b ) ,  t h i s  
c r o s s - o v e r  p o i n t  a lways  e x i s t s .  A t  t h a t  p o i n t ,  w e  h a v e ,  by 
s u b s t i t u t i n g  ( 2 2 )  i n t o  ( 8 6 )  
An e x p r e s s i o n  o f  T i s  t h e n  o b t a i n e d  by s u b s t i t u t i n g  ( 9 4 )  i n  
( 9 6 )  
from which w e  draw c o n c l u s i o n s  s i m i l a r  t o  t h o s e  drawn by K e y f i t z  
f rom ( 2 4 ) .  The h i g h e r  t h e  common r a t e  o f  n a t u r a l  i n c r e a s e ,  t h e  
s o o n e r  t h e  c r o s s - o v e r ;  a n d  t h e  l a r g e r  t h e  v a l u e s  o f  b o t h  ou and 
o t h e  s o o n e r  comes t h e  day when n a t u r a l  i n c r e a s e  e x c e e d s  migra-  
r ' 
t i o n .  
I n  T a b l e  5 w e  p r e s e n t  a s c e n a r i o  i n v o l v i n g  t h e  t r a j e c t o r y  
o f  a  c o u n t r y  t h a t  s t a r t s  w i t h  a n  e n t i r e l y  r u r a l  p o p u l a t i o n  o f  
1  m i l l i o n .  I ts  p o p u l a t i o n  i s  s u b m i t t e d  t o  a  r a t e  o f  n a t u r a l  i n -  
c r e a s e  r = 0.03  and t h e  g r o s s  o u t m i g r a t i o n  rates  a r e  r e s p e c t i v e l y  
o  = 0 . 0 2 5  and  oU = 0.02.  I n  t h i s  s c e n a r i o ,  t h e  r o l e  o f  n a t u r a l  r 
i n c r e a s e  i n  a c c o u n t i n g  f o r  u r b a n  growth  i n c r e a s e s  r a p i d l y  and  
e x c e e d s  t h a t  o f  m i g r a t i o n  a f t e r  
1 T = -  
0.03 I n  2 = 20.4 y e a r s  . 
A t  t h i s  p o i n t ,  t h e  r a t i o  of u r b a n  t o  r u r a l  p o p u l a t i o n  is  S ( T )  = 
0.5  so t h a t  t h e  p a r t  o f  t h e  p o p u l a t i o n  which is  u r b a n  i s  e q u a l  
t o  o n e - t h i r d .  
T a b l e  5. U r b a n i z a t i o n  o f  a n  i n i t i a l l y  r u r a l  p o p u l a t i o n  o f  1 
m i l l i o n , w i t h  r = 0.03 ,  o  = 0.025 a n d  oU = 0.02 .  
r 
0 
Percentage - -  r o Year Total Rural Urban 
m ( t )  S ( t )  u Urban R ( t )  
Now suppose  t h a t  t h e  a c t u a l  p o p u l a t i o n  s y s t e m ,  c o n s i d e r e d  
i n  t h e  f i r s t  s e c t i o n ,  e x h i b i t s  a  g r o s s  m i g r a t i o n  p a t t e r n  s u c h  
t h a t  o  = 0.025 and  o U  = 0 . 0 2 .  When w i l l  t h i s  sys t em r e a c h  t h e  
r 
p o i n t  a t  which t h e  u r b a n  r e g i o n  grows e q u a l l y  f rom n a t u r a l  i n -  
c r e a s e  and m i g r a t i o n ,  i f  t h e  p a r a m e t e r s  o f  t h e  sys t em remain  
c o n s t a n t ?  
L e t  u s  recall  t h a t  Leden t  (1978a)  shows t h a t  any p o p u l a t i o n  
sys t em whose u rban  ( r u r a l )  r e g i o n s  e x h i b i t  n a t u r a l  i n c r e a s e  
and o u t m i g r a t i o n  rates e q u a l  u  and o  ( r  and  o r )  r e s p e c t i v e l y ,  U 
i s  i d e n t i c a l  t o  t h e  s u b s e q u e n t  s t a t e  o f  a  h y p o t h e t i c a l  popula-  
t i o n ,  i n i t i a l l y  e n t i r e l y  r u r a l  and c h a r a c t e r i z e d  by t h e  same pa- 
r a m e t e r s  o n l y  i f  t h e  o b s e r v e d  r a t i o  s urban  t o  r u r a l  p o p u l a t i o n  i s  
s u c h  t h a t  
i . e . ,  i f  u  = r ,  a s  i n  t h e  p r e s e n t  c a s e ,  
S u b s t i t u t i n g  t h e  p a r a m e t e r s  o f  o u r  p o p u l a t i o n  s y s t e m  i n d i c a t e s  
t h a t  (98b)  h o l d s .  
The t i m e  tD, a t  which t h i s  c o r r e s p o n d e n c e  o c c u r s ,  is  s imply  
o b t a i n e d  a s  t h e  r o o t  o f  S ( t )  = s ,  which i s  u n i a u e  s i n c e  S ( t )  
m o n o t o n i c a l l y  i n c r e a s e s .  I t  i s  e a s y  t o  e s t a b l i s h  t h a t  
*Note t h a t  t h e  e v o l u t i o n  is  h a r d l y  s u r p r i s i n g  s i n c e  t h e  h i g h e s t  
- 
r v a l u e  o f  S ( t )  i s  S ( a )  = - . 
0 
U 
Consequen t ly ,  i f  a round  t h e  o b s e r v a t i o n  p e r i o d  t h e  a c t u a l  
p o p u l a t i o n  e x h i b i t s  t h e  c o n s t a n t  r e g i m e s  o f  n a t u r a l  i n c r e a s e  
and m i g r a t i o n  d e f i n e d  by r ,  o  and  o r ,  t h e  t i m e  span  n e c e s s a r y  
u  
t o  r e a c h  t h e  p o i n t  a t  which n a t u r a l  i n c r e a s e  and m i g r a t i o n  are 
e q u a l  i s  
T h i s  r e l a t i o n s h i p  shows t h a t  t h e  s i g n  of  T '  depends  on t h e  rel-  
0 0 
r r 
a t i v e  p o s i t i o n  o f  and  s .  I n  p a r t i c u l a r ,  i f  s > 
r + o U  r + o  u  
urban  p o p u l a t i o n  g rowth  is  p r i m a r i l y  due  t o  n a t u r a l  i n c r e a s e  
s i n c e  t h e  c r o s s - o v e r  p o i n t  a p p e a r s  t o  have  been  p a s s e d .  
S u b s t i t u t i n g  t h e  p a r a m e t e r  v a l u e s  o f  o u r  a c t u a l  p o p u l a t i o n  
sys t em i n t o  (100)  i n d i c a t e s  t h a t  t h e  c r o s s - o v e r  a t  which n a t u r a l  
i n c r e a s e  and m i g r a t i o n  c o n t r i b u t e  e q u a l l y  t o  u r b a n  growth  w i l l  b e  
r e a c h e d  i n  
T '  = 10 .4  y e a r s  . 
Case  o f  a  R a t e  o f  N a t u r a l  I n c r e a s e  v a r y i n g  E x p o n e n t i a l l y  
L e t  u s  suppose  now t h a t  
i n  which r and r l  a r e  b o t h  p o s i t i v e  b u t  s u c h  t h a t ,  i f  r is 0 0 
l a r g e r  ( s m a l l e r )  t h a t  r l ,  f3 i s  n e g a t i v e  ( p o s i t i v e ) ;  and  l e t  t h e  
g r o s s  m i g r a t i o n  r a t e s  r ema in  c o n s t a n t .  
S u b s t i t u t i n g  ( 2 5 )  i n t o  ( 4 ) ,  w e  o b t a i n  t h e  t o t a l  p o p u l a t i o n  
a t  t i m e  t: 
The r u r a l  p o p u l a t i o n  i s  g iven  by 
and t h e  urban popu l a t i on  by 
s o  t h a t  t h e  r a t i o  S ( t )  o f  t h e  urban t o  r u r a l  popu l a t i on  is a s  
above 
which was expec ted ,  s i n c e  n a t u r a l  i n c r e a s e  ha s  no impact  on pop- 
u l a t i o n  d i s t r i b u t i o n .  The v a r i a t i o n s  o f  t h i s  f u n c t i o n  have been 
d e s c r i b e d  above.* 
S u b s t i t u t i n g  ( 2 5 )  and ( 9 4 )  i n  (86), w e  have t h a t  
- - 
*Again, n o t e  t h a t  bo th  P r ( t )  and P ( t )  become i n f i n i t e l y  p o s i t i v e  
a s  t -+ + m .  U 
Note t h a t  ( 1 0 4 )  i s  i d e n t i c a l  t o  ( 3 0 )  i n  w h i c h  ( o r  + o  ) i s  s u b -  
u  
s t i t u t e d  f o r  m. Then ,  w i t h o u t  f u r t h e r  c a l c u l a t i o n s ,  w e  c a n  s t a t e  
t h a t  R ( t )  d e c r e a s e s  m o n o t o n i c a l l y  f r o m  + ( f o r  t = 0 )  t o  v a n i s h  
i n  t h e  l o n g - r u n .  T h e r e  e x i s t s  a c r o s s - o v e r  p o i n t  T  c h a r a c t e r i z e d  
by  e q u a l  n a t u r a l  i n c r e a s e  a n d  m i g r a t i o n  i n  t h e  u r b a n  r e g i o n ,  a t  
which  
P u r s u i n g  f u r t h e r  t h e  a n a l o g y  o f  t h e  p r e s e n t  mode l  w i t h  t h e  
K e y f i t z  m o d e l ,  T  i s  i m p l i c i t l y  d e f i n e d  b y  a n  e q u a t i o n  s i m i l a r  t o  
( 3 4 )  : 
T a b l e  6 shows t h e  e v o l u t i o n  o f  a h y p o t h e t i c a l  c o u n t r y  o f  1  
m i l l i o n  w h i c h  i s  c h a r a c t e r i z e d  by  t h e  s a m e  g r o s s  m i g r a t i o n  rates 
a s  i n  T a b l e  5 ,  a n d  h a v i n g  a  r a t e  o f  n a t u r a l  i n c r e a s e  d e c r e a s i n g  
f r o m  ro = 0 . 0 4 3  t o  r l  = 0.01 w i t h  p a r a m e t e r  B = - 0 . 0 5 .  
Table  6 .  Urban iza t ion  o f  an  i n i t i a l l y  r u r a l  p o p u l a t i o n  of  
1 m i l l i o n  w i t h  oU = 0.02, or  = 0.025 and r(t1 = 0.01 
+ 0.033 e -0.05t  
Year Total Rural Urban Or Percentage - Urban S(t) Ou r (t) R(t) 
Note t h a t  i n  t h i s  s c e n a r i o ,  t h e  r u r a l  popu l a t i on  keeps  i n -  
c r e a s i n g  a s  t i m e  goes  by i n s t e a d  o f  r e a c h i n g  a maximum and t h e n  
van i s h ing  a s  i n  t h e  s i m i l a r  s c e n a r i o  based on t h e  K e y f i t z  model. 
Indeed,  t h e  v a l u e  of r has  been chosen s o  t h a t  one s t a t e  0 
o f  t h e  system i n  t h i s  s c e n a r i o  w i l l  b e  i d e n t i c a l  t o  o u r  a c t u a l  
popu l a t i on  system.* A s  i n  t h e  case o f  a c o n s t a n t  rate o f  
n a t u r a l  i n c r e a s e ,  t h i s  state i s  reached f o r  tD = 9.9 y e a r s .  
*Once 8 and r l  are chosen,  r is o b t a i n e d  from (35)  i n  which 0  
0 + Ou 
r 
i s  s u b s t i t u t e d  f o r  rn. 
Moreover, the cross-over appears to be reached for T approxi- 
mately equal to 27.6 years. Then, the time span necessary to 
reach the cross-over is T' = 17.7 years from the observed period 
(against T' = 10.4 years when r(t) remains equal to r) . Thus, 
the exponential decrease of r(t) delays the cross-over point by 
7.3 years.* 
Case of Gross Migration Rates Increasing ~xponentially 
Again, we assume r(t) = r (for all t) , but we now ailow 
o (t) and or(t) to vary such that (87) holds. We posit: 
u 
The total population is again given by (17) whereas the rural 
population is obtained by substituting (87) and (107) into (81) 
and then integrating: 
T h u s ,  
*Indeed, the cross-over is now reached in a more urbanized 
nation: almost 40 percent of the population appears to be ur- 
ban if r(t) is allowed to decrease (versus one third if r (t) 
remains constant). 
i i i :, ;e;ldily established that both Pr (t) and PU (t) increase 
~i~c;notc;nically and that S(t) increases monotonically as well: 
from zero (for t = 0) to k (for t = + m ) .  In the long run, the 
ratio of the urban to rural population thus tends to become 
equal CQ the constant ratio of gross migration rates. 
M t ~ i . r ,  what about the variations of R(t)? Substituting (1 07) 
1 1 1  ( 9 1 ) ,  we have 
G o t - e  that R(t) I Q  i??cr.tlr?.l t2 ! u ? !  ic rrrhirh - ha.; beer. roy? le~n ; !  
---u 
i:! rno (1 + k) . Thus R(t) monotonically decreases: from + (for 
t - 0 )  to zero (as t -t + m). There exists a cross-over point T 
characterized by equal natural increase and migration in the ur- 
ban region, i.e., such that 
E q u a t i i l c j  (1 12) with (1 10) finally defines T implicitly. 
i n  Table 7, we display the results of a scenario correspond- 
1119 to the case of a country in which the rate of natural in- 
Trease is r = 0.02 and the ratio of the rural and urban migration 
is e c ~ i 1 3 1  to = 1.25. In addition, the maximal value of the 0.02 
urban gross migration rate was taken as m = 0 . 1 2  and we chose 0 
the parameter a to be 0 .0122 .  
It appears that the cross-over point takes place at time t 
= 27 .8  years, when the ratio S(t) of urban to rural population 
appears to be equal to about one half (i.e., about one third of 
the population is urban at the cross-over point). 
Table 7.  Urbanization of an initially rural population of 1 
million with a constant rate of natural increase and 
gross migrations increasing exponentially. 
0 Percentage r Year T o t a l  Rural Urban - -  
S (t) 0 Urban u 
The values of k and a were chosen so that one state of the 
system in this scenario presents the same characteristics as our 
ac tua .1  p o p u l a t i o n  sys t em.  I n d e e d ,  t h e  p a r a m e t e r  k w a s  t a k e n  1 
e q u a l  t o  t h e  r a t i o  o f  t h e  g r o s s  o u t m i g r a t i o n  r a t e s  i n  t h e  ob-  
s e r v e d  p o p u l a t i o n .  Moreover ,  once  mo was c h o s e n ,  a was o b t a i n e d  
by e l i m i n a t i n g  t between (107)  and S ( t)  = s i n  t h e  same way t h a t  
w e  e l i m i n a t e d  t between ( 4 6 )  and ( 4 7 )  . 
Note t h a t  t h e  h y p o t h e t i c a l  p o p u l a t i o n  p r e s e n t s  t h e  same c h a r a c -  
t e r i s t i c s  a s  t h e  o b s e r v e d  p o p u l a t i o n  f o r  
0 
- t~ - - L l n ( 1  a - 6); 1 9 . 1  y e a r s  . 
R e c a l l i n g  t h a t  t h e  c r o s s - o v e r  o c c u r s  f o r  T = 27.8 y e a r s ,  it 
f o l l o w s  t h a t  t h e  t i m e  s p a n  n e c e s s a r y  t o  r e a c h  i t  is  T '  = 8.7  
y e a r s  f rom t h e  o b s e r v e d  ~ e r i o d  ( a a a i n s t  10-U years i n  t h e  c 2 s e  
o f  a l l  r a t e s  b e i n g  c o n s t a n t ) .  Then,  r a t h e r  s u r p r i s i n g l y ,  a 
proportional i n c r e a s e  i n  t h e  g r o s s  m i g r a t i o n  r a t e s  h a s t e n s  t h e  
c r o s s - o v e r  p o i n t .  
CONCLUSION 
I n  t h i s  p a p e r ,  w e  examined t h e  r e l a t i v e  i m p o r t a n c e  of  i n -  
m i g r a t i o n  and n a t u r a l  i n c r e a s e  i n  t h e  growth  o f  u r b a n  a r e a s  
w i t h  the h e l p  of t w o  a l t e r n a t i v e  u r b a n i z a t i o n  mode l s ,  i n  which 
r a t e s  of  n a t u r a l  i n c r e a s e  and  m i g r a t i o n  w e r e  a l l o w e d  t o  v a r y .  
'Table 8 d i s p l a y s  a  compar i son  of t h e  t i m e  s p a n s  n e c e s s a r y  t o  
r e a c h  t h e  c r o s s - o v e r  a s  o b t a i n e d  from b o t h  models  unde r  a l t e r -  
n a t i v e  p a t t e r n s  o f  n a t u r a l  i n c r e a s e  and m i g r a t i o n .  I n d e e d ,  t h e  
d i f f e r e n c e  be tween t h e  n u m e r i c a l  v a l u e s  o f f e r e d  by b o t h  models  
1s q u l t e  c o n s i d e r a b l e .  
Table 8. Numerical comparison of the time spans necessary to 
reach the cross-over. 
The problem is then one of knowing which of the two models 
provides better insights into the urbanization process. On the 
one hand, the Rogers model appears to be more appropriate because 
its symmetrical consideration of gross migration flows in both 
regions prevents the rural population from vanishing in the long 
run, as in some applications of the Keyfitz model. On the other 
hand, in contrast to the Keyfitz model, the Rogers model does not 
lend itself to an analytical use if the model parameters vary 
over time. As seen in this paper, the analytical tractability 
of this model requires making the additional assumption that the 
urban and rural outmigration rates are in constant proportions, 
which is a rather restrictive assumption. 
In conclusion, the Rogers model is in theory more desirable 
than the alternative model (see Ledent 1978a, b for a longer 
discussion of this statement), but its slightly more complicated 
specification prevents, in the case of varying rates, the devel- 
opment of an analytical study similar to the one carried out 
with the Keyfitz model and shown in the first part of this 
paper. Consequently, further insights into the process of urban- 
ization seem to require a simulation analysis with the help of 
the Rogers model. 
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APPENDIX 1. The Keyfitz Model with Varying Rates of Natural 
Increase and Migration: Derivation of the Sign of 
m( t) the Second Derivative of -
r (t) 
In this case, the ratio is given by 
r (t) 
in which a > 0 and B < 0. 
Differentiating this expression with respect to time leads 
cie -at 





(eat - 1)  2 
(A3 
When substituting (A21 into (A3), we have 
Multiplyin? both sides of (Ah) by m(t) and substituting (All ro 
gives 
in w h i c h  
Differentiating (A6) yields 
whose variations have the sign of 
If we suppose that a + B < 0, then the three terms of G(t) in 
(A81 have a positive coefficient and thus F(t) monotonically in- 
creases. Its smallest value, F (0) = aro faro + 2 B  (rO - rl ) 1 , 
can be either positive or negative. In the first case, i.e., 
rl > r (1 + 6) , F(t) is always positive and thus the second 0 
derivative of m(t) is negative for all t. In the second case, ro 
i.e., rl < r (1 + 6) , ~ ( t )  is negative for t < same value tr 
0 
and positive thereafter. It follows that the second derivative 
m(t) is positive for t < tr and negative thereafter. Of Fm 
APPENDIX 2. An Illustration of the Todaro Hypothesis 
Y e a r  T o t a l  R u r a l  U r b a n  S ( t )  m ( t )  m ( t )  
S ( t )  R ( t )  
The upper  p a r t  o f  t h e  above t a b l e  d i s p l a y s  t h e  e v o l u t i o n  o f  
an  i n i t i a l l y  r u r a l  p o p u l a t i o n  sys t em s u b m i t t e d  t o  a rate  o f  n a t -  
u r a l  i n c r e a s e  r ( t )  = 0.02 and t o  a m i g r a t i o n  ra te  i n c r e a s i n g  ex- 
p o n e n t i a l l y  as i n  t h e  s c e n a r i o  o f  T a b l e  3 .  The d i f f e r e n c e  w i t h  
t h e  s c e n a r i o  shown i n  T.able 3 i s  t h a t  t h e  c a l c u l a t i o n s  have  been 
made u s i n g  t h e  d i s c r e t e  e q u i v a l e n t  o f  t h e  K e y f i t z  model.  
Note t h a t ,  by a b o u t  t h e  22nd y e a r  (as i n  t h e  c o n t i n u o u s  
case) ,  t h e  s y s t e m  r e a c h e s  a s t a te  whose c h a r a c t e r i s t i c s  are s i m -  
i l a r  t o  t h o s e  o f  o u r  a c t u a l  p o p u l a t i o n  s y s t e m  ( m  = 0.02 and s = 
0 . 2 5 ) .  
The implemen ta t ion  of  t h e  Todaro  h y p o t h e s i s  a f t e r  t h i s  22nd 
y e a r  ( w i t h  s = 0.007,  g  = 0.05 and  u  = 0 . 1 2 ) ,  l e a d s  t o  a n  evo lu -  
t i o n  o f  t h e  p o p u l a t i o n  sys t em shown i n  t h e  bot tom p a r t  o f  t h e  
above t a b l e .  A s  e x p e c t e d ,  s i n c e  t h e  i n c l u s i o n  o f  t h e  Todaro  
h y p o t h e s i s  c o n t r i b u t e s  t o  d i m i n i s h  m ( t ) ,  t h e  c r o s s - o v e r  p o i n t  i s  
r e a c h e d  f a s t e r  t h a n  when t h e  Todaro h y p o t h e s i s  i s  n o t  c o n s i d e r e d :  
it o c c u r s  18.4 y e a r s  a f t e r  t h e  o b s e r v a t i o n  p e r i o d  a g a i n s t  19.7 
y e a r s  i n  t h e  a l t e r n a t i v e  case. T h i s  d i f f e r e n c e  i s  r a t h e r  s m a l l  
when one  c o n s i d e r s  t h e  more i m p o r t a n t  consequences  t h a t  t h e  i m -  
p l e m e n t a t i o n  o f  t h e  Todaro h y p o t h e s i s  h a s  on P r ( t )  and e s p e c i a l l y  
on  m ( t ) .  
Note t h a t ,  i n  s p i t e  o f  t h e  f a v o r a b l e  c h o i c e  of  6 ,  m ( t )  con-  
t i n u a l l y  i n c r e a s e s  i n  t h e  above t a b l e .  The d e c l i n e  i n  m ( t )  
o c c u r s  f o r  h i g h  v a l u e s  o f  t ,  l o n g  a f t e r  n a t u r a l  i n c r e a s e  h a s  
t a k e n  o v e r  m i g r a t i o n  i n  t h e  u rban  r e g i o n .  
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